Abstract
Introduction
Actuator performance is one of the main technological shortcomings preventing the development of successful general-purpose robots. While mainstream electric, pneumatic, and hydraulic actuators are capable of power densities, force densities, and efficiencies far in excess of those of natural actuators (i.e. muscles), they rarely can achieve all of these properties simultaneously or during transients (Hollerbach et al. 1992; Madden 2007) . Furthermore, traditional actuators work best at size and force scales well in excess of those associated with the human body, rendering most industrial robots unsafe and too large for human interaction (Bicchi and Tonietti 2004) . As a result, bioinspired robots lag behind in performance compared with the organisms inspiring them, and haptic interfaces tend to be weak compared with their human operators.
Biological muscle has several properties that make it particularly difficult to mimic with conventional actuators (Zajac 1989) . Muscle has a variable stiffness, allowing it to passively stabilize a joint, and is generally associated with compliant tendons capable of efficient mechanical energy storage. It has very low inertia, yet it can generate a very high force, sustained across a displacement of up to 40% of the muscle's length. Muscle does this while remaining relatively efficient and powerful, with efficiency during cyclic motion estimated between 10% and 40% (Smith et al. 2005) and power densities near 100 W kg −1 .
Fig. 1.
Linear motors with short pole pitches and enhanced heat transfer surfaces, as shown in this conceptual rendering of a water-cooled design, can support force and power output densities approaching those of biological muscle. For scale, the square cooling manifolds at each end of the motor are 28 mm on a side.
undergoing shape change in response to electrical, thermal, or chemical stimulus (Madden et al. 2004) . While some of these materials have exciting long-term prospects, at present they are only suitable for niche applications, and fundamental progress in materials science will be required to improve their performance to compete with natural muscle or even with conventional actuators. Since artificial muscles are not yet able to improve upon conventional actuators, how can conventional actuators be improved to better compete with muscle? For the purposes of this work, we will focus on the potential development of electromagnetic (EM) actuators. In particular, the simplicity of direct-drive EM actuators is appealing as a canvas for improvements, and we specifically discuss linear permanent-magnet (PM) direct-drive actuators. PM motors have favorable scaling properties (Cugat et al. 2003) , as do direct-drive linear actuators. While direct-drive motors are generally known for having low force densities and low efficiencies (Hollerbach et al. 1992) , their performance envelope is determined by their EM and thermal design, which can be modeled from basic physics, rather than by the tribological properties of gears, which are both difficult to model and difficult to improve.
At present, general quantitative models for the maximum theoretical performance of linear PM motors in terms of fundamental physics are unavailable, although a number of more specific scaling analyses have been reported (Hannaford et al. 1996; Cugat et al. 2003; Chatzakos and Papadopoulos 2008) ; our objective will therefore be to develop such a general model, and to use it to find ways to improve the force capability and efficiency of these motors to a level competitive with biological muscle. Using our model, we establish that direct-drive linear PM motors can be constructed with power densities, force densities, and efficiencies all simultaneously exceeding those of biological muscle. These improved properties can be achieved through a combination of active cooling, parts miniaturization, and careful EM design. We show that the primary physical mechanism allowing this improved performance is the enhanced current density allowed by miniaturization and cooling, well in excess of that allowed by conventional motor design. A conceptual rendering of a motor designed according to these principles can be found in Figure 1 .
We apply this model to determine the feasibility of directdrive linear PM motors in a specific new application, as the wing actuators in bird-scale flapping-wing flying robots. Specifically, we show the potential of such motors to sinusoidally drive a load of 1000 N kg −1 at a peak velocity of 1 m s −1 while retaining efficiencies above 40%, as compared with the efficiency of just 10-20% for bird muscles under similar loading conditions (Biewener et al. 1998; Kvist et al. 2001) . To this end, we first present a high-level model of linear motor operation and discuss its scaling properties. We then derive more detailed models for the thermal and EM behavior of ironless, tubular linear PM motors, and validate the EM model with finite element analysis. Finally, we will compare the predictions of the model with the properties of commercially available motors, and discuss application of the model to the design of motors for flapping-wing flying machines.
Fundamental motor physics
In essence, we can consider a PM motor as an active material actuator in which a body force is produced on a conductor (the 'active material') proportional to the surrounding magnetic flux density, B, and to the applied current density, J . For this basic model, we assume that the magnetic field is produced 'for free', consider it as a material property, and neglect the magnets necessary to produce it in a real motor. We likewise ignore any practical restrictions on the provision of current, and assume that the conductor can be excited by a spatially uniform current density. Thus, the zero-dimensional motor model consists of a bare conductor carrying a uniform current density immersed in a uniform magnetic field that is exactly perpendicular to the current. While this model can describe rotary and linear motors equally well, we restrict our analysis to that of linear motors.
The force production and power consumption of a PM actuator, its basic input-output relations, are given by the Lorentz force law and by Ohm's law,
where F is the force produced by the motor, V is the volume of active material, P is the electrical power converted by the motor into heat, and σ is the conductivity of the active material. Here, we do not consider superconducting motors, which have zero Ohmic losses but instead have other power loss mechanisms and require energy-hungry cryogenics. Both of these quantities are directly proportional to the amount of active material: depending on the application, it may be preferable to describe this amount in terms of volume or in terms of mass. For this analysis, we consider mass-sensitive applications; an alternative formulation in terms of volume can be derived straightforwardly. We would like to describe motor performance in terms of parameters that do not couple motor size and drive current. One such parameter is the ratio of the force generated to the square root of the power consumed , commonly known as the motor constant and listed on motor datasheets as K m . The force generated per unit mass F , which we call the force density, is another such parameter:
Here, ρ c is the mass density of the active material and M is the total mass of active material. Note that each performance parameter is independently related to a single motor design parameter, in addition to the material properties (B, σ , and ρ c ): the force density achievable depends on the maximum allowable current density, while the motor constant depends on the size of the motor. The maximum current density, in turn, is restricted either by the maximum amount of heat that can be removed from and tolerated by the motor or by non-thermal damage mechanisms (demagnetization and electromigration).
We can, in turn, relate these performance parameters to the energy efficiency of a linear PM motor operating on a given work loop. Consider perhaps the simplest situation, in which an actuator of total stroke s sinusoidally drives an ideal dashpot at a frequency ω, with a resulting peak force amplitude of F 0 . In this case, the instantaneous mechanical power P m and electrical power P e are given by
We can then integrate over one period in time to find the mechanical and electrical work per cycle W m and W e , respectively, calculate the efficiency η = W m /W e , and define a dimensionless efficiency parameterη
Here, we have broken out the components of to explain the scaling ofη, and F 0 denotes the peak force amplitude F 0 divided by the actuator mass M. Three factors are seen to contribute to the efficiency parameter: the first is related to the material properties of the actuator, the second is equal to the inverse of the peak actuator velocity, and the third is equal to the peak force density required by the work loop.
At first glance, the expression forη in Equation (6b) is disappointing, as it links an increase in force density directly to a decrease in efficiency. However, the efficiency remains high for even relatively large values of force density if copper and the best available magnets (1.47 T remanence NdFeB) are used. For reference, it is estimated (Kvist et al. 2001 ) that bird flight is less than 20% efficient. Using work loop parameters similar to those seen by pigeon flight muscles (Biewener et al. 1998 ) (2/ωL = 1 m s −1 , F 0 = 1,000 N kg −1 ) we findη = 7.1 × 10 −2 , or that the efficiency is 93%. Thus, the actuator properties of copper wire in a magnetic field are sufficient to achieve very high efficiency even when operating under the relatively slow, heavily loaded conditions of flapping-wing flight. While we anticipate that the capability of a real motor will be greatly reduced due to the need for magnets and spatially varying fields, there is a considerable performance margin available. Outside the magnets lies a coil, here shown arranged in a typical three-phase winding (A, B, and C denote phases, with negative current in the primed windings). This magnet and coil structure is repeated along the z-axis with period p to form the motor. The radial dimensions in the model (r ii , r io , r ci , and r co ) are as labeled.
Actuator analytical modeling and optimization

Tubular motor EM model
In order to model a real motor, we need to account for the magnetic field that can be produced by a given set of magnets, rather than assume a field provided by the environment. Fortunately for this process, modern rare-earth magnet materials behave linearly within their performance envelope (Halbach 1980) , and so their fields can be computed from Poisson's equation. For maximum flexibility and ease of computation, we consider linear motors with periodic magnet and coil structures, referred to as PM synchronous motors in the literature; the behavior of aperiodic motors such as voice coils can be derived from that of periodic motors by accounting for end effects (Lee et al. 2004; Golda and Culpepper 2008) . The magnets and coils in a linear motor can be arranged in many different ways (Laithwaite 1975) , each amenable to a different set of analytical techniques. Here, we consider a tubular motor configuration due to its efficient copper usage and intrinsic symmetry. Computation of the magnetic fields and resulting performance of tubular motors has been performed in many different ways (Wang et al. 1999; Bianchi 2000; Wijono and Arof 2007) , but the solutions reported in the literature tend to have numerical stability problems, and are presented in a manner that can make direct comparison between different configurations and different scales difficult.
In this work, we chose to directly solve Poisson's equation in cylindrical coordinates for several different motor topologies. Here we present the analysis for a motor comprising a quasi-Halbach magnet array arranged to project a magnetic field radially outwards, surrounded by a layer of coils, as shown in Figure 2 and referred to henceforth as the 'HG' configuration (Halbach-Gap) . A Halbach array (Halbach 1980; Trumper et al. 1993 ) is chosen to produce closed magnetic flux paths, and thus strong fields, without using iron. An ideal Halbach array has a continuously varying direction of magnetization, which is very difficult to fabricate, but a segmented array (quasi-Halbach) reaches 90% of the ideal performance with only four uniform magnets per period (Trumper et al. 1993) . While the HG configuration is relatively ineffective, we consider it here due to the relative brevity of its field model, and easy extension to a moreefficient structure with Halbach arrays on both sides of the air gap. Results for other magnet configurations, including configurations with iron components and completely closed flux paths, will be presented in a future publication.
The magnetic field can be determined by first breaking down the magnetization into a Fourier series:
In these equations, M is the magnetization vector, M rn and M zn are the radial and axial components of the magnetization as indicated byr r r andẑ z z in Figure 2 , respectively, n is the harmonic order, k is the wavenumber of the magnet array (equal to 2π divided by the pole pitch p), B r is the remanence of the PM material, and δ is the fractional width of the radial magnets in the array. Note that the magnetization, and thus the overall magnetic field, has only odd harmonics. The current density in the coil region can similarly be described in terms of a (scalar) Fourier series.
With the magnetization and current density described thusly, we can proceed to solve the appropriate form of Poisson's equation in the magnet, coil, and air regions of the motor:
where A is the magnetic vector potential and J n is the Fourier series coefficient of the current density in the circumferential direction. Here, we have assumed that both the magnet and the conductor have unity relative permeability. The solution in the air regions is simply a linear combination of modified Bessel functions, but solution of the equations in the magnet and coil regions leads to inhomogeneous Bessel equations,
where A is a function of the radial coordinate only and c and d are constants. These equations are often solved in the literature using Green's functions (Wang et al. 1999) or by approximating the radial magnets' magnetization as being non-uniform in order to give a solution in terms of elementary functions (Bianchi 2000) . However, there exists a set of named functions that solve this equation, the modified Struve functions (Abramowitz and Stegun 1964; Wijono and Arof 2007) . As long as care is taken in the formulation of the solutions to avoid numerical stability problems, the modified Struve functions can be efficiently calculated using the power series and asymptotic series presented in Abramowitz and Stegun (1964) and Zhang and Jin (1996) . Using the modified Struve functions L 0 and L 1 , the magnetic field in each region can be found:
Here, I 0 and I 1 refer to modified Bessel functions of the first kind, K 0 and K 1 refer to modified Bessel functions of the second kind, a and b are arbitrary constants, and H H H is the magnetic field vector. These solutions must then be patched together using appropriate boundary conditions for the magnetic field and the magnetic flux density to find values for the constants a and b in each region, and to thus find the magnetic field throughout the motor structure.
To calculate the force produced by the motor, we can first compute the Maxwell stress tensor at the inner and outer surfaces of the coil region. We can then multiply the stress at the inner and outer coil surfaces by the appropriate circumferences, add them, and average over the length of a pole pitch to find the force per unit length generated by the motor. We can approximate the force production as being done by only the first spatial harmonics of the current and magnetic field distributions (Trumper et al. 1993) , greatly simplifying the calculation process. By gathering all of the dimensional parameters together, we find an expression for the total force generated by the motor,
wheref is given by Equation (11b). Here, is the overall length of the motor, J 1 is the first harmonic of the current density, andf is a dimensionless parameter that depends only on ratios between the pole pitch and the radii of the motor components. The dimensionless forcef depends on four dimensionless parameters related to the magnetic fields:â c andb c , describing the coil, andâ m andb m , describing the magnets. The parametersâ c andb c , given aŝ
do not depend upon the particular arrangement of magnets, but the dimensionless magnet parametersâ m andb m must be found and tabulated for each magnet configuration by solving the magnetic field boundary conditions. In Equations (12a) and (12b), r ci is the coil inner radius, and r co is the coil outer radius. For the HG configuration,â m andb m are given bŷ
The dimensionless magnet parameters, in this case, depend upon r ii , the inner radius of the magnets inside the coil, and r io , the outer radius of the magnets inside the coil. Note that all radii are non-dimensionalized by the wavenumber k.
The remaining basic performance measures for the motor can also now be written:
whereP is the dimensionless power parameter andm is the dimensionless mass parameter. The dimensionless power parameter is independent of motor configuration, while the dimensionless mass parameter changes with both the motor configuration and the motor materials. For example, in the following equations, the dimensionless power and mass parameters are given for the HG configuration:
where ρ m is the mass density of the magnet. We can now also compute the motor constant ,
Note that the expressions for the motor constant and the force density are almost identical to those presented in Section 2, with the addition of dimensionless correction factorsˆ andf /m representing the effects of the spatially varying magnetic fields and the mass of the magnets. The functional form of Equations (19) and (18) do not depend on the details of the magnet and conductor configuration; the motor configuration and geometry affect only the value of the dimensionless correction factors. The dimensionless motor constantˆ depends only on the ratios of the layer radii to the pole pitch, and can be shown to be convex in these dimensionless lengths. There is a broad optimum range of geometry for the HG magnet configuration, near dimensionless geometry kr ii = 0.86, kr io = 3.0, kr ci = 3.03, kr co = 3.87, and δ = 0.41. (An air gap between the magnets and coils equal to 1% of the radius is included as a thermal expansion and manufacturing tolerance allowance.) With this geometry, the maximum value of the dimensionless motor constant isˆ = 0.21. Other configurations yield better optimum values for the dimensionless motor constant; for instance the results of Trumper et al. (1993) for a planar Halbach array motor configuration can be transformed into this framework to give a value of = 0.37.
Finite element validation of the EM model
In order to check the accuracy of our analytical solution for the motor magnetic fields, we performed a finite element analysis (FEA) simulation of the optimum HG motor configuration given in the previous section and compared the results with those derived analytically for an identical motor. The FEA was performed using a remanence of 1.47 T and a magnet relative permeability of 1.05 in ANSYS. Special attention to numerical instabilities that arise in the analytical model when the value of nkr exceeds 30 at the outside of the motor is needed to analytically compute the magnetic field to high harmonic order. Contour plots of the radial magnetic flux density are shown in Figure 3 , for both the analytical model of Equations (10) and the FEA model. These plots show good qualitative agreement, primarily differing due to the inherent limitations of a Fourier series representation for the discontinuous magnetization. FEA was also used to make quantitative assessments of the analytical solution's veracity. Figure 4 shows a comparison of the radial flux density in the middle of the air gap between the analytical and FEA models, with approximately 8% discrepancy. This difference can be explained primarily by the non-unity relative permeability of the magnets in the FEA model. For a slightly different motor geometry, the linear force density under a square wave current density excitation was computed using both analytical and FEA techniques; the analytical method predicted a force between 1% and 3% lower than that from the FEA.
Thermal model
While Equation (19) describes the efficiency of the motor while operating under any conditions and at any size scale, we need to specify the maximum current density J 1 in order to determine the achievable force density. The dominant physical process limiting the current density is Joule heating of the wire and magnets beyond their maximum operating temperatures. In order to specify the maximum current density, then, we can use a basic heat transfer model (Lienhard and Lienhard 2008) to relate it to the maximum temperature rise T.
For brevity, consider a simple, planar heat transfer model for the HG motor configuration in which it is cooled solely by convection on its exterior, as characterized by a convection coefficienth. From elementary heat transfer theory, we can calculate a thermal resistance, R th from the inner surface of the coil to the ambient according to where κ c is the thermal conductivity of the coil. We can then proceed to calculate the motor temperature as a function of the time-average (root mean square [RMS]) current densityJ 1 ,
R th ≡ πκ c R th = kr co − kr ci + 4πBi
where we have defined a Biot number Bi in terms of the pole pitch p. Combining this expression (Equation (21a)) with Equation (18) and the definition ofˆ , we find the perhaps surprising result that the thermal constraint is equivalent to a constraint on the pole pitch:
whereF denotes the RMS force density. This relationship suggests that it should be possible to achieve an arbitrarily high force density so long as the pole pitch is made sufficiently small. While this is contrary to standard motor design practice, which is done by simply assuming a maximum current density (typically 10 7 A m −2 ), it is in agreement with the scaling described by Cugat et al. (2003) and can be intuitively explained with reference to microelectronics, where current densities over 10 9 A m −2 are routinely used in small bond wires and interconnects.
As a numerical example consider once again the work loop parameters associated with pigeon flight muscles (Biewener et al. 1998 ), which produce a RMS force densityF ≈ 700 N kg −1 , the optimum geometry for the HG configuration, a coil thermal conductivity of κ c ≈ 1 W m −1 · K −1 , and a maximum temperature rise of 100 • C. If we wish to have a pole pitch of greater than 10 mm, we will require a heat transfer coefficienth ≥ 200 W m −2 K −1 . This heat transfer coefficient can be achieved through vigorous air cooling or by simple liquid cooling (Lienhard and Lienhard 2008) .
Additional non-idealities
We have considered the impact of using a practical, periodic magnet structure on its ideal performance, but a periodic arrangement of magnets and coils is not the sole deviation from the active material model needed to construct a practical motor. Here, we consider two additional major effects: the replacement of the ideal 'conductor' layer with insulated wires, and the finite length of the motor in the direction of periodicity.
Copper packing density
We have assumed a perfectly anisotropic ideal 'conductor' in the analyses up to this point. However, the best conductors available to us with current technology are isotropic metals, such as copper and aluminum. In order to contain the spatially varying current density demanded by the motor, then, the 'conductor' must actually be made up of discrete, insulated wires. The insulation takes up space, reducing the effective current density and the effective conductivity.
While the exact effect of making the motor with insulated wires is complex, we can make a first-order lumpedparameter estimate of the effect on performance. To be specific, let the fill factor x denote the fraction of the 'conductor' volume that is occupied by metal, and let ρ i be the density of the insulator. (If the coil is wound with square wire bearing single-build insulation, a typical fill factor might be x = 0.75, while round wire gives a fill factor closer to 60%.) We can then write the performance parameters by replacing the current density and conductivity by their reduced values as follows:
To account for the different densities of metal and insulation, we also need to change the expression form. For the HG tubular motor, it becomeŝ
. (26) From these expressions, we can see that the fill factor has a rather direct impact on the efficiency; theη parameter is inversely proportional to the fill factor, which for large values ofη is equivalent to the efficiency being directly proportional to the fill factor. It has a secondary effect on the dimensionless mass parameter, especially since insulation is typically far less dense than metal (e.g. polyimide insulation has a density of approximately 1,430 kg m −3 (Lienhard and Lienhard 2008) compared with the 8,940 kg m −3 density of copper).
The effect of the fill factor on the thermal conductivity of the coil is more complex. Consider two limiting cases: in the upper bound on thermal conductivity, the metal is arranged in cylinders parallel to the heat flow direction, while in the lower bound it is arranged in sheets perpendicular to the heat flow. We can easily find that the bounds on the effective thermal conductivity of the conductor κ eff are
where κ i is the thermal conductivity of the insulation. For copper metal, polyimide insulation, and x = 0.75, the effective thermal conductivity is 1.4 ≤ κ eff ≤ 300 W m −1 · K −1 . While these bounds are very broad, unfortunately the real configuration is close to that of the lower bound on conductivity: heat must flow perpendicular to the wires to exit the motor. Thus, the conductivity of the insulation alone is a conservative and not entirely inaccurate estimate for the effective thermal conductivity of the coil. In special winding configurations, such as edge-wound ribbons, the effective thermal conductivity of the coil can be greatly enhanced to closely approach that of the metal itself.
Finite length
The finite length of a real motor has two major impacts on its performance. The most obvious effect is the reduction of magnetic flux density near the ends of the motor, where it can spread out into the adjoining air. It is possible to calculate the magnitude of this effect analytically for planar ironless motors (Lee et al. 2004; Golda and Culpepper 2008) ; for motors arranged symmetrically (i.e. half-length magnets at the ends),ˆ is reduced to 95% of its infinite-motor value when only two pole-pitches of magnets are used. Even a motor employing just a single period of magnets, such as a voice coil, has a value forˆ that is over 90% of the infinite-motor ideal. Thus, we can conclude that the effect of finite length on the magnetic field is very small for practical motors.
The other way in which the finite length of a motor can impact its performance is somewhat more subtle. If the magnet array and the 'conductor' have equal lengths, the force that the motor can produce using a given current will drop as it moves away from a neutral, centered position. This happens as portions of the conductor leave the magnetic field and cease to produce force. The power the Fig. 5 . Three mechanisms for the provision of stroke in a linear motor: (Left) an underhung motor, (Center) an overhung motor, and (Right) a de-rated motor. In all cases, the coil (narrow block) is sandwiched between magnetic structures (wide blocks), which are the same size in all three cases. motor consumes, on the other hand, does not change with its position. In order to provide consistent performance over a finite stroke length, there are three possible approaches: derate the performance so that the motor only operates at its thermal limits at the ends of the stroke, make the magnets longer than the conductor by the stroke length, or make the conductor longer than the magnets by its stroke length.
First, consider the case where the magnets are longer than the conductor, a condition often described as 'underhung'. We can introduce a parameter y < 1 equal to the ratio of the coil length to the magnet length, and study its effect on the performance parameters. Our analysis takes place in the context of a spatially averaged motor, so in this case the y parameter has precisely the same effect on the performance parameters as the fill factor x. For consistency with the other configurations, let y eff = y −1 , and we can thus write
The effect of the underhung geometry on the dimensionless mass is also similar to that of the fill factor, except that the missing conductor is not replaced by insulator:
If we wish to achieve a stroke-to-length ratio comparable to that of a muscle, about 40%, we require y eff = 1.67; for the optimized HG geometry, and using a fill factor x = 0.75, the dimensionless mass changes fromm = 40.0 tom = 34.6, and the efficiency parameterη is multiplied by 1.44. Next, consider the situation arising when the conductor is longer than the magnets, or the motor is 'overhung'. We now introduce a parameter y > 1, defined in precisely the same way as y. In this case, the force density is unchanged, but the power dissipation is increased by a factor of y . This implies that
The expression for the dimensionless mass is similar to the underhung case:
In this case, we would find that y = 1.67,m = 50.0, and the power dissipation is much higher, withη multiplied by 2.08. Finally, consider de-rating the motor for operation with the coil partially exposed. In this case, the force is reduced but the power dissipation is not. Defining y < 1 as the stroke-to-length ratio, we can compute the performance parameters at the end of the stroke as follows:
The dimensionless mass, of course, is unchanged by this operating arrangement. However, we cannot use the derivation of efficiency from Section 2, since in this case the motor constant varies with the motor position over the stroke. Instead, let the motor constant with the coil centered in the motor be 0 , and the position of the coil relative to the center be z. We have
and we have defined y = s /L. As in Section 2, the motor moves sinusoidally, with z =( s /2) sin (ωt). Integrating and averaging over time, we can find that
These expressions for the work per cycle of motion can now be used to find the dimensionless efficiencyη:
Here, the effects of varying motor constant are embodied by y eff . For a stroke-to-length ratio y = 0.40, y eff ≈ 1.53, m = 36.2, andη is multiplied by a factor of 1.38. It is evident, then, that each of the three ways to address the problem of providing a finite stroke from a finite motor reduces the efficiency by similar amounts from the infinitemotor situation. Other differences, however, lie in the thermal properties and moving mass of each configuration. The underhung motor has the lowest possible moving mass, moderate efficiency, and the smallest physical size, but also operates at the highest thermal power density. The de-rated motor has an intermediate mass and size, and the highest efficiency, but must be controlled to compensate for its varying motor constant and may have highly variable thermal behavior. The overhung motor is larger, less efficient, and heavier, operates at the lowest average thermal power density, but also must be designed to handle heat transfer conditions that vary over the surface of the coil. If it is possible to electrically de-energize exposed portions of the coil, the overhung motor can provide nearly ideal efficiency and much more consistent thermal performance.
Model summary and application
Just as in the analysis of the ideal motor in Section 2, certain basic scaling properties of tubular linear synchronous motors are readily apparent. The motor constant in Equation (19) scales according to the same parameters as it did in Equation (4), with an additional dimensionless parameter describing the deviations from the ideal motor. Thus, even with the PM structure included, the motor constant still scales with the square root of the motor mass.
We can also examine the impact of the dimensionless motor constant correction factor on the motor efficiency,
Here, we can see thatˆ is a dimensionless efficiency parameter that can be used to compare the efficiencies of different motor configurations and geometric ratios at any size scale. We have shown that, for the tubular HG configuration, the optimumˆ = 0.21, and we can use the results of other magnetic field calculations to find the optimumˆ for additional configurations. In some literature (Mizuno et al. 2005 ) a similar parameter toˆ , the 'motor constant square density' is used to characterize motor performance, but this parameter does not separate the influence of material selection from that of geometric design. The overall size of the motor components scales with the pole pitch, and thus with the required force density:
× xˆ y effmRth motor geometry
. (44) If internal thermal conduction limits the heat transfer out of the motor, the pole pitch scales inversely with the required force density. If convective thermal resistance dominates heat transfer out of the motor, the required pole pitch scales as the inverse square of the specified force density: high force densities call for highly miniaturized coils and magnetic structures, which may be difficult to fabricate. Short pole pitches also require long motors, with many repeating units and thus a high part and/or winding count.
Since the only motor dimensions that appear outside the dimensionless parameters are the pole pitch and overall length, the effect of the radial geometry of any motor configuration is universal and independent of the desired performance. Thus, the radial dimensions can be optimized for each configuration to yield the highest possible value of the dimensionless motor constantˆ . The use of a closedform analytical model renders geometric optimization very computationally efficient, and a modest computer proves capable of examining thousands of geometries per second. Furthermore,ˆ is convex in most geometric parameters, although some configurations perform best as the overall radial scale tends towards infinity (i.e. a flat plate rather than a tube).
Comparison with commercial motors
While motor manufacturers do not release enough data for a full evaluation of Equations (43) and (44), we can nonetheless verify the general scaling of the model against existing motors. The ratio / √ M, which should depend only on motor internal geometry and on materials choice, is plotted for a variety of commercially available linear synchronous motors across three orders of magnitude in size in Figure 6 . With the exception of the largest motors, which incorporate more mechanical components than the others, this ratio is approximately constant for each motor type. There is considerable variability in motor performance, however, with this figure of merit varying by a factor of three between different motor types. By comparison, with 1.47 T magnets and an optimum HG geometry, the model of this work suggests a figure of merit of 26 N · W −0.5 · kg −0.5 , about twice as high as the large Moog motors can offer. However, accounting for a 75% fill factor and 40% stroke-to-length ratio, this figure of merit drops to only 19 N · W −0.5 · kg −0.5 . The remaining difference can be ascribed to the mechanical components of the Moog motor (bearings, sealed housing, Figure 6 is plotted against their pole pitches, with actively cooled motors (squares) distinguished from passively cooled motors (diamonds). While these motors all have very different internal construction, and thus show a range of performance at equivalent pole pitches, the expected inverse relationship between pole pitch and force density is apparent.
etc.) and certain non-idealities of motor design not covered by this model (winding factors, end effects, etc.).
A similar examination of the pole pitch and force density of commercial motors, shown in Figure 7 verifies the scaling of Equation (44 modest improvements in force density, perhaps due to poor coupling between the cooling fluid and the coils.
Applications to flapping flight
Our motor model gives us a way to determine the size, complexity, and cooling requirements of a linear PM motor for any given performance requirements, including requirements traditionally (Madden 2007 ) thought outside the capabilities of such motors. As we have considered previously in this work, flapping-wing flight is a problem in robotics that is particularly constrained by actuator performance. The limited performance of conventional actuators is usually overcome by driving the wings symmetrically with a single high-speed rotary motor or engine and a gear reduction system, but this design does not allow the asymmetric flapping that is essential to low-speed maneuverability (Tobalske 2007) . To achieve full control authority over the robot's trajectory, each wing needs to be actuated independently with variable stroke. The simplest way to achieve this is to use direct-drive linear actuators to move each wing.
Using Equation (43), we can determine the efficiency achievable with motors in such an actuation scheme. If we assume that motors of an HG configuration will be used, and continue to match the properties of the pigeon pectoralis muscle, we find that the efficiency of our hypothetical twoactuator direct-drive bird robot will be 40%, well in excess of the efficiency of birds in nature.
In order to further explore this application, we have begun construction of a flapping wing actuator test-bed, shown in Figure 8 . A wing with a passive feathering axis is connected to a commercially available linear EM actuator (BEI Kimco LA25-42-000A) with similar dimensions and geometry to a pigeon wing. This apparatus will be used to test motors designed and built according to the principles described in this work, and to obtain suitable comparison data using off-the-shelf actuators.
Discussion and future work
The model described here is a very general scaling model for steady-state force production in linear PM motors. While this model allows robot designers to make betterinformed estimates of actuator mass and power budgets, as a general scaling model it cannot address all of the motor properties that may be important in a robotic system. For instance, when performing high-acceleration tasks, the dynamic properties (such as inductance and peak efficiency) are critical, as well as the heat rejection and force production described by our model. These properties can be derived from the EM model of Section 3.1, although at the expense of greater complexity. (For example, Wang et al. (1999) derive the inductance for several different motor topologies as part of their framework, in an equation containing integrals of functions defined, in turn, within the work by integral equations.) Another limitation of this model, as well as other analytical models, is that common motor designs incorporating iron are poorly described due to its non-linear magnetic saturation. While the physics of these motors scale in the same way as pure PM motors (Cugat et al. 2003 ), saturation will place a limit on the maximum current density allowed in the windings, potentially more constraining than the thermal limit.
In conclusion, by developing a non-dimensionalized model for linear PM motor performance, we have established that linear motors are capable of extremely high, to date unrealized performance. With suitable provision of active cooling and miniaturized components, linear PM motors can achieve force densities more than an order of magnitude higher than those of commercially available motors while retaining acceptable efficiency. This capability opens up a large range of new applications in robotics, from locomotion and manipulation to haptic interfaces, at the relatively small cost of requiring custom motor design for each application.
To obtain a more accurate estimate of motor performance, our analysis framework can be modified to include additional non-idealities such as the effects of imperfect coil winding factors. It can also be adapted to handle saturable iron flux return paths, to accurately describe magnets that are simpler in fabrication than Halbach arrays. We are in the process of applying the lessons taught by our model to construct a prototype motor for performance comparable to muscle.
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